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HOMOGENEOUS DISTRIBUTIONS ON
THE GRASSMANN ALGEBRA !

L. M. Molchanova
G. R. Derzhavin Tambov State University, Russia

In this paper we study homogeneous distributions on the Grassmann algebra A, with n
generators ey, ..., e,. Any element z € A, can written as

T = $O+Z$kek +lekelek o
k <k

with coefficients g, Zk, Tik, - - - in R. We determine homogeneous distributions whose supports
are the whole A,, (up to homogeneous distributions concentrated at the hyperplane zo = 0).
A description of homogeneous distributions concentrated at zo = 0 is given — for simplicity
— for the case n = 2.

In general, the study of homogeneous distributions on algebras over R is an interesting
and useful task. It appears, for example, when one investigates representations of matrix
groups over these algebras. It has also a connection with the so-called pre-homogeneous
spaces etc.

The description of homogeneous distributions on R and on C is given in [1] and [2]
respectively. For A; (it is the algebra of the so-called dual numbers) the description was
given in [4].

Let us introduce some notation and agreements.

By N we denote {0,1,2,...}. The sign = denotes the congruence modulo 2.

We use distributions mf‘l_, 2, |z|*, |z|*sgnz, ™!, where A € C, m € N, on the real
line, see [1].

For a character of the group R* = R\ {0} we shall use the following notation

t* = |t sgn® t,

where t € R*, A € C, € =0, 1. In particular, if A € Z and € = A, then the = A,

By the same symbol z»¢ we denote the distribution |z|*sgn® z.

We say that a distribution f on R is homogeneous of degree (A\,€), where A€ C,e =0, 1,
if

f(tz) = M f(z).

For given ), ¢, the space of these distributions is one-dimensional. A basis is ¢ excepting
A=-m—1,e=m, m €N, when a basis is 8(m)(z), the m-th derivative ov the Dirac delta
function d(x) on the real line. Thus, the support of a homogeneous distribution of degree
(A €) is R excepting A = —m — 1, € =m, m € N, when it is the point 0.

A
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For a manifold M, let D(M) denote the Schwartz space of compactly supported infinitely
differentiable C-valued functions on M, with a usual topology, and D'(M) the space of dis-
tributions on M — of linear continuous functionals on D(M).

1 The Grassmann algebra and its multiplicative group

The Grassmann algebra A, with n generators is (see, for example, [5]) an associative

algebra over R generated by the unit 1 and n elements ey, ..., e, with the following relations
1-1=1,
l-ep=e€;-1=eg,
€L - €] = —€] * €.
The latter relation gives
Pt
€ = 0.

The algebra A, has dimension 2". A basis is formed by the following elements: the unit 1
and
ey = eile,-2 we .61;p y

where H is the ordered set of indices: i1 < ia < ... < ip, p=1,...,n. The number |H|=p
is called the degree of the element ep.
Thus, an element = € A, can be written as

T =x0 +ZxHeH, To, TH € R.

Let H = {ij <i2 < ... < ip} and G = {ji < jo < ... < jq} be two ordered sets of
indices. If they do not intersect, then we denote by o(H, G) the number of inversions in the
sequence {i1,12,...,%p,J1,72,+--,Jq} and by H - G the ordered set obtained by ordering of
the set H U G. In particular, if H consists of one index «, i.e. H = {a}, then for brevity we
write o(a, G) and « - G instead of o({a}, G) and {a} - G respectively. Elements ey and eg
are multiplied as follows:

egeg = (_1)U(H,G)6H-G7 HnN G - m,
egec = 0, HNG #0.

An element z € A, is called even if it is a linear combination of ey with even degrees
|H|. The set °A,, of all even elements is a commutative subalgebra of Ap,.

Let A% denote the set of elements z € A, with zo # 0. It is a group — the multiplicative
group of A,,. Let R be the set of elements z = zo # 0 of A,. It is a subgroup of A} isomorphic
to the multiplicative group R*. Let S be the subgroup of A} consisting of elements with
zo = 1. Any z € A}, can be written as

so that A% is isomorphic to R x S.
The subgroup °S = § N °A,, is the center and the commutant (the derived subgroup) of
S. The factor group S/°S is isomorphic to the additive group R".
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2 Characters of the multiplicative group

A character of the group A¥ is a continuous homomorphism of A}, into the multiplicative
group C* of complex numbers without zero.

Theorem 2.1 Any character x of the group A}, is

x(z) = m())"e exp { ( Zn: ,ukwk) /ar:o}, (2.1)
k=1

where \€C, e =0,1, p1,...,pn € C.

Proof. Let x € A},. We have
z
x(2) = x(zo)x (= )- (2:2)

Zo
Characters of R* are known, see Introduction, therefore, x(zo) = wé’s. The element z/xz
belongs to S, the character x has to be equal to 1 on the commutant 08, therefore, it is a
character of the group R”, so that

n
T Tk
S Smp3 bl
o i)
k=1
Substituting it all into (2.2), we obtain (2.1). O

The character x given by (2.1) will be denoted by X, where g = (u1,...,pn) € C".

3 Homogeneous distributions on the Grassmann algebra

Let us call a distribution F' on A, (i.e. F € D'(A,)) homogeneous of degree (A€, p),
where A€ C, e =0,1, p € C", if

F(az) = xaeu(a)F(z), a € A}, (3.1)

The character x» ¢, can be considered as a distribution on A, without the hyperplane
7o = 0, i.e. on the set {zg # 0}. Indeed, it is a continuous function on this set. But on the
whole A,, it can be extended only when all yi,...,u, are purely imaginare, i.e. p € iR",
see [1]. In this case it is a locally integrable function for ReA > —1 and can be continued
meromorphically in A into the whole A-plane.

It turns out that it is a general form of homogeneous distributions whose supports are
the whole A,. Namely, we have the following theorem.

Theorem 3.1 A homogeneous distribution F on Ay, of degree (X, €, u) with support Ay exists
only for p € iR™. Up to homogeneous distributions concentrated on the hyperplane xo =0, it
is C - Xnepu (therefore, if \ = —m —1, m €N, then it has to be € = m).
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Proof. Let a in (3.1) be such that ag > 0. Differentiating (3.1) with respect to ag, ag and
set ag = 1, ag = 0, we obtain the following system:

oF oF
.’I)Oa—mo + ZG::EG% = M\F, (3.2)
oF oF
o o U(Q,G) — =
T B + . ( 1) G OTuc poF, a=1,...,n, (33)
202 S (1) #O56 OF o m| > 1. (3.4)
Ory = Orn.g

First consider F' on the set {z¢ # 0}. Then from equations (3.4) we obtain that F' does
not depend on z g, |H| > 1, i.e. F = F(zo,21,...,Z,). Then equations (3.3) become

oF
To— = U, a=1,...,n.

0z,
It gives

F = A(zo) exp{(iuaxa) /:vo}-
a=1

Then equation (3.2) gives the following equation for A:

dA
.’L'OE = )\A,
whence

A = Ci(z0)} + Ca(mo)?.

Equation (3.1) with a = —1 gives that A(zo) has parity ¢, so that A = C - m())"e.
Thus, on the set {zo # 0} we have

Plz) = €©- 3:3’8 exp { ( z": ,uka:k) /:1;0}
k=1

= C- X)\,e,u(x)-

with arbitrary p = (u1,...,un) € C™.
To the whole A,, this distribution can be extended only when p € «R"™. O

Now let us find homogeneous distributions concentrated at the hyperplane zyg = 0. For
simplicity we restrict ourselves to the case n = 2.
For brevity we denote ejes = e3 and z12 = x3, so that any = € Ay is

T =z + x1€1 + T9€9 + T3€3.

Theorem 3.2 A homogeneous distribution on Ay of degree (A, €, p), where p = (u1, pe) € C2,
concentrated at the hyperplane xo = 0, exists only for p € iR2, i.e. py = iv1, pg = ive, where
v = (v1,19) € R%. Let us denote s = v + v2.

Let s # 0. Then in variables xo,u1, u2, 3, where

Uy = U1Z1+ Vs, (3.5)

Uy = —1%1 + V1T9, (36)
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any homogeneous distribution F on A of degree (A, &,9v), concentrated at the hyperplane
Ty = 0, 18
F(z)=C- 6($0)6(u1)u§‘+ “ exp(isz3/u2) (3.7)
withe = X for A= -3,—4,....
Let s = 0, i.e. vy = vy = 0. Then any homogeneous distribution F on Ao of degree
() €,0), concentrated at the hyperplane o =0, is

F = 6(zo,71,22)8(23), A #—2,-3,—4,..., (3.8)
F = 6(zo,21,72)®(z3) + COAV(zg), A\=-3,—4,..., (3.9)
F = (zo,71,%2)P(z3)

+ 8(ao) [Bo(@1,22) + Bilar,@o)as| + Ar(o1,m)8 (@), A=-2 (310)

where ® is a homogeneous distribution on R of degree (A + 3,¢), the number C in (3.9) s
equal to 0 for € = X, the distributions By, By, A1 on R? are homogeneous of degrees (—1,¢),
(=2,e +1), (0,& + 1), respectively, and

0A
—amll —z3B1 =0, (3.11)
0A
-_811121 + $1B1 = 0. (3'12)

Proof. Now (for n = 2) the system (3.2) - (3.4) is
OF oF oF oF

Zo o + mla—xl + mzéx—2 + m3a—$; = MF, (3.13)
mo% + mgg—f; = mkF, (3.14)

mogxp—; — wlg—i = woF, (3.15)

mog—i— = {. (3.16)

We want to find solutions of this system concentrated at the hyperplane zo = 0. First consider
functions in D(A2) = D(R*) whose supports belong to the ball ||z|| < M, where

||ar:||2 = x% + m% + x% + :c%

At such functions any distribution F concentrated at zo = 0 has the form, see [3]:
F= 25(]) x0) Aj(z1, T2, 73),

where A; are distributions on R3. Since
2069 (z0) = —580-D(zy),

equation (3.13) gives

Za(ﬂ) - { (j +1)A; + DA; } Z,\5(J) (z0)A;,
3=0

80
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where

o
011 8z5 Oz3’

Since the delta function and its derivatives are linearly independent, it gives
DAj=(A+j+1)A4A; j=0,1,...,N. (8.17)
Equation (3.16) gives

N
; 0A;
] (3—1) puale''} —
E._ .76 ("EO) 8.’1:3 0’

whence 94
j .
— =0, j=1,...,N, 3.18
6:(:3 J ( )

so that A; for j = 1,..., N does not depend on z3: A; = Aj(z1,72). After that equations
(3.14) and (3.15) become as follows:

6(zo) [ﬂlAO = Qi—ll — 2 aAO] + Z 5(k) (zo [HlAk + (k + 1)8Ak+1]

8 6373 =i 8:v1
+6M (z0)m An =0, (3.19)
9A1 | 9Au] "= i) 041
d(zo) [Mon + —B_E +z 3—$3] + 32:31 0" (z0) [HzAk +(k+1) B ]
+6M) (zo)po Ay = 0. (3.20)

If at least one of 1, u2 is not equal to 0, then (3.19) and (3.20) give that all A;,..., Ay are
equal to zero:
Al =0,...,AN :0,

and A satisfy the following two equations:

i1 Ay = By— o _,, (3.21)
0z3
0Ap

Besides it, for Ap we have also equation (3.17) with j = 0:
DAy = (A +1)A,.
Multiplying equations (3.21) and (3.22) by z; and z5 respectively and summing up, we obtain
(u171 + poze)Ap = 0. (3.23)

Equation (3.21) with zo # 0 gives that Ay = K(z1,z2) exp(u1z3/z2). To all x5 it can be
extended only when p; = ivq, v1 € R. Similarly, equation (3.22) gives pp = ivp, v2 € R.

Let us pass from variables 1 and z2 to variables u; and ug by formulae (3.5), (3.6). Then
equations (3.21) and (3.23) become respectively

’U,1A() =0. (324)



Becthuk TI'Y, 1.11, BBIN. 1, 2006

As to equation (3.22), it becomes u; - (9Ag/dz3) = 0, a consequence of (3.24).
Equation (3.24) gives

A() = 5(u1)K(u2, $3). (325)
For this distribution K we obtain equations
0K
K =us—
S ug 8.’173’
oK 0K
— — =(A+2)K.
u28u2 +$38x3 (A+2)
Any solution of this system is
K = L(us) exp(iszs/u2), (3.26)

where L is a distribution on R of homogeneity A + 2 such that (3.26) makes sense. Taking
into account parity € of F, we obtain

K=C- u;‘+2’e exp(isz3/ug).

Together with (3.25) it gives (3.7).
Now let p; = po = 0. Then from (3.19), (3.20) we obtain

‘Z_J::...:a{;‘%:o, (3.27)
%:...:%:m (3.28)
%f_ll s xg%f_g —0, (3.29)
‘Z_:; + xl%;:—;— 5, (3.30)

We see from (3.18), (3.27) and (3.28) that Aj,..., Ay are constants: Ay =Cg, k=2,...,N.
On the other hand, by (3.17) A is homogeneous of degree A4k +1. Therefore, if A # —k—1,
where k = 2,3, ..., then all A; are equal to zero. And if A = —k —1, then all A; are equal to
zero, except Ay = Ck.

Now let us analyze system (3.29), (3.30) for Ao, A;. Moreover, we have to add to it an
equation from (3.18) and homogeneity conditions from (3.17):

%—‘2—1 =0, DAg=(\+1)Ag, DA =(A+2)A;. (3.31)
3

Let us multiply (3.29) by z; and (3.30) by z2 and sum up. Taking into account the first

equation in (3.31), we obtain DA; = 0. Therefore, if X # —2, then 4; = 0 and system (3.29),

(3.30) becomes
0hy _ , 0dv _

To—/—— = 0, I o
3

0
6:53 ’

whence

A() = 5(:21)(5(:1,‘2)(1)(.’1,‘3)

82
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Substituting it into the second equation in (3.31), we get d®/dx3 = (A + 3)®, so that @ is a
homogeneous distribution on R of degree A+ 3. Taking into account parity € of F', we obtain
(3.8), (3.9).

It remains to consider the case A = —2 for system (3.29), (3.30). Let us differentiate
(3.29) and (3.30) with respect to z3 and take into account the first equation in (3.31), we get

5o &M
* b2 192 '

It gives
Ay = By + Biz3 + 0(x1)d(x2)9(z3),

where By = By(x1,%2) and By = By(z1,72). Substituting it into (3.29), (3.30), we obtain

0A;

PR gty =D

81'1 T2D1 )
A

?——1 + 1B =0.

0o

It is just system (3.11), (3.12). Therefore, B; is homogeneous of degree (—2), hence By and
1 are homogeneous of degrees (—1) and 1 respectively. Taking into account parity € of F,
we obtain (3.10).

Thus, we found homogeneous distributions F' on test functions with supports in the ball
llz|| < M. We see that these distributions do not depend on M. [
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